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Coursework 2

Undecidability of first­order logic, by tiling

1. Say whether it is possible to tile the plane using the following tiles.


The tiles can be tiled using only T2 . T1 can not be used as Rt(T1)
[image: image1.wmf]¹

Lt(T2) or Bot(T1)
[image: image2.wmf]¹

Top(T2).

2. And these? (I assume T5  is a mistake as is same as T1)


The above tiles can only be tiled using tiles T1 ,T3 and T4  . T2 cannot be used as it eventually leads to a contradiction (tiles will not match up). 

3. What about these tiles?

The above tiles can be tiled. T3 can not be used as Rt(T3)
[image: image3.wmf]¹

Lt(Ti) , 0 < i 
[image: image4.wmf]£

 6 .  Below is one example of a tiling of the plane using T2 as the starter tile. (It may be possible to tile the plane using more than 3 types of tiles and different combinations.)
4. And these? 


There is no combination of the above tiles which can be used to tile the plane. This is because Top(T1 ) 
[image: image5.wmf]¹

 bot(Ti), 0 < i 
[image: image6.wmf]£

 4. 

T2  is dependent on T1 as Rt(T2 ) = Lt(T1) only .

T3  is dependent on T1 or T2 as Top(T3 ) = bot(Ti), 0 < i 
[image: image7.wmf]£

 2 only .

T4 is dependent on T1 or T3 as Lt(T4) = Rt(Ti), i =1,2 only.

5. Write down a formula that states that at every point in the plane, (x, y), at least one of the n predicates is true (so every point is covered by at least one tile).
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6. Take, as an example, the set of tiles in question 1. For this set of tiles, write down a formula that states that at every point in the plane, at least one of the predicates is true.
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7. Write down a formula that means that you never get two different tiles covering one point in the plane.
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8. Repeat question 6 for the specific case of the tiles in question 1.
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9. You know which tiles match, i.e. you are told whether Rt(Ti) = Lt(Tj) for i, j 
[image: image12.wmf]£

 n, etc. Using this information, write down a formula that means that if Tk is placed somewhere and Tl is placed to its right, then Tk must match (on the right) with Tl .
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10. Repeat question 8 for the specific case of the tiles in question 1. 
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11. Write down a similar formula for vertical matching of tiles.

In general:
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For question 1:
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12. Suppose that the set of tiles
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cannot tile the plane. Show that
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is not satisfiable.

Suppose 
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(

t

f

cannot tile the plane. This implies that not every point is covered by one tile, i.e. part of formula in Q5 does not hold.  This implies that 
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is not satisfiable.

13. Suppose that the set of tiles 
[image: image21.wmf])

(

t

f

can tile the plane. Show that 
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is satisfiable by defining a model for it.
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